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Summary

The normal probability law of random quantities takes a central place both in classical mathematical statistics, and
in practical applications. Completeness of the theoretical research relating the normal law, and also its rather
simple mathematical properties make it the most attractive and convenient in application. Even in case of a
diversion of explored experimental data from its normal law often it is possible to use as the first count stage; thus
quite often it appears, that from the point of view of specific goals similar approach gives satisfactory results. In the
article the examples of such use of the normal law gained on the basis of processing major data file of a statistical
modelling of automatic landing of airplanes, conducted at Moscow institute of electromecanics and automatics with
the purpose of affirming of demands in safety of landing to airworthiness standards are given.
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1. INTRODUCTION
At realization of a statistical modelling of autamedanding of airplanes empirical probability laws

of such characteristics determining safety of lagdis distance of a tangency (distance of tangency
point an airplane of a flight strip (runway) froms beginning), a vertical velocity of touchdown, a
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lateral deviation from a runway center line, banklas and a pitch were under construction. The
example of a distribution law of distance of a &amgy is given in Figure 1.
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Figure 1. The distribution law of distance of a tangency of an airplane AN-148

As well-known, the empirical probability law of andom quantityx is determined by expressions

[1]:
0,X < Xy
1y d<isn-
F(x)= ) S XS Xy d<isn-l
LX> X

Where:

X1y S Xy S .. < X,y - Variational series,

M)
X(i) - the ordinal statistics,

n - a sample size.

In such form "tails" of allocation are cut off,e¢. Betweenx,, the share of allocation, equal to one
also Xy is concluded, whence follows, that at any samgde gie quantile of allocation matching as

much as high probability can be discovered. Evdnitimely it is clear, that precision of such
estimation at a small sample size is small.

However in problems of the analysis of demandsatietg us tails of allocationg, interest. To.
Thus maximum permissible risks constitute®+00?®,

Therefore at build-up of an empirical distributilanv other form at which tails are not cut off [8] i
used, namely the empirical distribution law of adam quantityx is determined by assemblage

(%), p;) Where the ordinal statisticg;, is a unbiased estimator of a quantde at p :nl_+1' We
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shall note, that the interval of discretizatipxy,,, — X;,] is a random quantity, and the share of

allocation Ap. = p,, — p.concluded in each interval, is constant and eqlmlz%l. Except for
n

n

O S oy e e n =0 —q - -
that: pl_n_+1’ p”_n_+1’ Xo) = =95 Xy =t Py =0; p,,, =1, i.e. tails of allocation are not

cut off.

For greater obviousness and comparison with a rodis&ribution law it is necessary to select
gauge on an abscissa axis. As gauge the valuevefsm function of the normal distribution,

matching probabilityp = _is selected
n+1

By such selection the gaussian law of probabilitigd represent a straight line transiting at
p, = 0.5 through an ensemble average with a declinaticierehéned by a variance (Figure.2)
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Figure 2. The distribution law of distance of a tangency of an airplane AN-148
in new coor dinate system

In Figure 2 it is visible, that the mean part ire timterval probabilities (0,05+0,95) practically
coincides with a normal distribution law, and taéirts considerably deviate normality.

2. PRECISION OF AN ESTIMATION OF A QUANTILE OF ALLOCATION

In problems of an estimation a compliance with meguents of safety we are interested in a
quantile *» precision estimation or at a preset valug‘oprecision of an estimation of matching

probability R, The solution of this problem can be gained fromtheory of ordinal statistics.
The distribution function of r-th ordinal statigics determined as:

F, (x) = Pr{x,) < x} = Probability {at least r of »is less or equated} = ic‘nP‘(x)[l— PO)I™

i.e. featured by a binomial distribution,
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Where:

. |
C -L; P(x) - the true distribution law of a random quantity

" it(n-i)!

The binomial totals are related to an incompleta lenction a ratio:

F () =1,,,n=-r+1),
Where an incomplete beta function:
_ 1
P00 T B(r n—r +1)
Beta function:

p
jtf‘l(l—t)”‘r dt ;
0

1
B(r,n-r +1):J't"1(1—t)”"dt, r>0;n-r>C
0

Tables of an incomplete beta function are presintexample in [3], however their volume is
obviously insufficient for our problems. Therefattee program has been developed, allowing to
evaluate necessary values of a beta function.

On the basis of a binomial distribution confideoeinds of an estimatiop can be determined.

As a matter of convenience the subsequent analysishall inlet a labetl=n-r. At d=0 the

maximal ordinal statisticg,, is considered, at=1 - a statisticsx, ,, , etc.

Then F.(X) = F,_q4 :iC‘HP“‘i(x)[l—P(x)]i =B[n P(X),d], and values of the lower and upper
confidence bounds arltz-:'odetermined from equatioagper-Pearson [3]:

B(n,p,,d-1)=p
{B.(n, p..d)=1-p,

In practice of statistical research normal appration of a binomial distribution is widely used,
thus it is considered, that this approximation géebood results in a mean part of a probability
distribution and it is essential more the pooraihparts.

¥, +V, —1=y- confidential probability.

Let's carry out a research:

» fluctuation of breadth of a confidence intervallwihagnification of the orde,
» fluctuation of symmetry of confidence bounds;
» comparison of precise confidence bounds with thendaries gained at normal approximation

Let n=1000;y, = y, = 0.95. Using tables [3], we shall gain the results tabed in Table 1.

Table 1. Tabulated results

~

d p P, P, Ap=p,-p, | &p,=p,—P |Lp, =P, - P
1 0.998 0.995265 0.999949 0.004684 -0.0027 0.002
100 0.899 0.883008 0.91521H 0.0322 -0.0161 0.0161

Thus, with magnification of the orddr the confidence interval is dilated, however beesm
more symmetrical concerning an estimatipn Asymmetry of a confidence interval is subzero.
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For transition from an estimatiop to an estimation of a quantite , we shall use a procedure
given in [2]. We read out from statisticg,_,, number of stepsat which valuep(n_d_AH) =p, (or)

P(n-d-n) = P, At normal approximation this number of steps ialcalated by formula

A=U np [@- p,) and the - quantile of a standard normal distrdouts rounded off up to an

1+y

2
integery,, . Matching valuesx
2
of calculations for a viewed Example are tabulate@able 2.

also will be confidence bounds for a quantie,, . Results

(n-d£A)

Table 2. Results of calculations for a viewed example

d An binominal An= Ag= A normal Ag binominal
1 3 +1,64-1,41 = +2,325+3
100 16 1,64-9,52 = 15616 16

Thus, in view of a necessary rounding off the meeand approximate boundaries coincide.

Let's note, that ai=1 to read out three steps aside magnifications @batility it is not possible,
since the following ordinal statistics at d=0 lose$y on one step.

In this and similar cases we shall use an assumpgiien in [2] about normal distribution law of
quantilesx,_, provided that the matching estimatigy,_,, it is not equal to null or one, that is

always executed at the received expedient of hupldof an empirical distribution law

(pl:iio; Py :Ll;t 1). For a symmetrical normal distribution law we I§ldiscover a
n+

n+1

differenceA,, = x, 4, ~ X,-4.o) @nd we shall add it to an estimation of a quantjlg, .

)

Example 1. For affirming demands to the maximal admissibl¢atise of a tangency of an AN-148
airplane - 832 meters with probability 0,999999 Hee&n conducted a statistical modelling by a
volume n=1000000; thus the maximal value of distam@s constituteck ) =814.94, and

probabilities - pry =2220000_ 4 g9gggc.
1000001

Precise lower confidence boufwl for probability P () is determined by formul&®’ =1-) and
_ 999998

constitutes ay = 0.9 P.=ogesee7. 10 this value there matches value of probabiRty, = 1000001

and value of a quantilg ,,=802,39.

At normal approximation we shall gaim\, :1.64\/ 1000000*0.999999¢1 0.999999) 1.
Rounding off up taA,, =2, we gain the same values, as at precise catmulat
The upper confidence bound of a quantifg will constitute (814,9-802,39) +814,9=827,41 m.

The value of a quantile (+2) at magnification of a sample size uprte1300000 has constituted
828.12 m, i.e. a lapse of the prognosis less 1 m.

Thus, demands to safety of landing on distance@nérmed.

The assumption about normality of allocation of thaximal value of sample makes experts doubt
and requires additional research.
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3. EXAMINATION OF NORMALITY OF ALLOCATION

Examination of normality of a probability distribom of the maximal ordinal statistiasy) atn =

10° has been combined with a problem analytical thposition of not observable tails of
allocations on an example of the analysis of th&imal distance of the tangency, a bottleneck of
automatic landing of an airplane AN-148 being most.

Considering, that at improvement of control lawss ihecessary to carry out about ten adjustments,
the method of a rapid analysis is necessary. Thhadeshould allow not to conduct a total storage
of a statistical modelling to make the solutionamergrowth of a volume of model operation with
the purpose of affirming of demands to safety,mnecessity of adjustments of a control law. Such
mathematical method is offered in [4]: for the gtiahl exposition of the right tail of allocatiori o
distance of a tangency it is offered to use thecalion of Pareto featuring a probability distribat

of a random quantity, greater some fixed v&lye

Fpa,ew(x):1—(%j , At x=C,. (1)

Allocation of Pareto more simple, does not requitegration, and its analytic form allows to yield
an estimation of precision of calculated values.

2
For examplegq is determined by a method of momenats 1+, |1+ (\—;] :

Where:

S._1g 1 &y oy
fx_n 2:1: 1Z(>g x).

nyc “dLi=1

nmple - ntruncated

nsample +1

The degree of truncation of initial allocation iqual F, =

runcated

1 where Ny incated

number of measurings in an explored tail part.

The coordination of allocation of Pareto with thencated initial allocation was yielded by
formula:

F= FPareto (1_ Ftruncated ) + I:trunca.ted )

Predicted on 10°value of distance x,, was determined on allocationof pareto
0 999999~ Ftruncated .

Foareto = 1-E , whence from (1) it is calculateg),.

truncated

Parameter of truncatio@y and thereforen,. were selected from a requirement of the maximal
o : . — My
coincidence experimenta) and calculated values, determined of (1) aFPareto(X) -%.

runcated

Example 2. Approximation of a tail part of allocation of disice of a tangency by allocation of
Pareto.

Niruncated= 20;Co = 800 MNsample= 300000;X =828,765 mS= 22,87 m;a =37,25.
Ftruncated = w = 0'99993
30000:

31



Fou = 20 = 09525381
21

X, = 867,96 my, = 869,9 My,, = 896,9 m.

Example 3. A research of probability law of final value ofsthnce of a tangencgamples of a
building up volume3*35001C¢° 3*600010° 301¢° for some intermediate version of a control system
were explored.

On 9 values the calculated mean value and meanesgieviation, equal , =877,32m were
found; S=17,1 m.

The mean calculated value was compared to the mgagrimental value gained on three samples
10°.

X, =875,3u <X,

The difference betweerx,, and X,, was 2 m, that has shown a capability and expegiefc
exposition of a tangency distance allocation tait py an allocation of Pareto.

Further examination of normality of predictableungs according to GOST R ISO 5479-2002 on the
basis of Shapiro-Wilke criterion was carried oulheTcriterion allowed to detect a diversion from
normality even at small sample sizes.

According to this criterion statistics were caldatk

s =n2(>g ~X)* = 2956, 7¢

i=1

b=a,[x, =Xyl *a { X, =X *a L X, 5 =XJ +a kX, y3-%] 529,

Where coefficientsa, ,a,_,,a,.,, a,, were selected from the table given in the indidate&ndard
and equated:a,=0,6058; a,_,=0,3164,; a,_,=0,1743; a,_,=0,0561. The statistics of criterion

_b? _2734.287_ | he critical , i th
w _§_m_o'925 was evaluated and compared to the critical vadles given in the

standard at various values n and a confidence fevel

At W<W, probability of the fact that a sample is takemfrthe set meted under the normal law,
constituteso. Routinely thea confidence level is selected-0,05+0,1. In a viewed case value W
exceeds Tabular valW¥, ;=0.859, however it is a little bit le¥%,5=0.935. Thus, with enough high
probability =0,5 sample of predictable values can be featuraabliyal probability law.

In conclusion we shall calculate the maximal vabtfielistance of the tangency, compatible to the
received statistical model.

According to Thompson's [5] criterion, measurifigg considered belonging the sample extracted
from set with a normal distribution of probabilgi€ the inequality@swa (n-2) is executed,

wheres= 137 (yx —x)2.
S= L 2(x-%)
By selection 0=0,1 W(7)=1.647 and the greatest expected valug constitutes

877,32+1,647*17,09=905,467 m, i.e. practically cales with the maximal predicted value
905,514 m, that also confirms adequacy of the effemalytical exposition.
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In Conclusion let’s note, that the viewed internageliversion of control does not ensure a desired
value of distance of a tangency, and was usedfonlghe analysis of a capability of the analytical
exposition of a tail of allocation of distance, shparameters of an initial full distribution lawvea
constitutedx = 433,2m; S=57.2m.

The conducted adjustments of a control law havewatl to reduce both the mathematical
exposition, and a root-mean-square diversion upataesx= 400,7; S=40,3m, that has ensured
affirming demands to distance of a tangency (amipta 1).

Besides allocation of Pareto the capability ofeélkposition of tails of allocations of probabilityas/
explored by the normal and truncated normal distidm.

4. USE OF THE NORMAL AND TRUNCATED NORMAL DISTRIBUTION LAW

It is known, that at truncation at the left the @mble average and a variance of the initial normal
and truncated allocations are interlinked by th®ra

m.=m+o 2,
F

2 -
0'§C = 02[1—%— ma_CO (éﬂ ,
2]

Where 7 =¢(C°_m} F =1—¢(C°_mJ - are the values of density and function of a rarm
o o

distribution of probabilities [1]. As we have vatuef the empirical distribution law, matching
calculations are simple enough.

Example 4. Approximation of a tail part of allocation of dasice of a tangency truncated normal
and normal allocations.

Niruncated =20;Co = x (1) = 801,811 mX=828,765 mS= 22,87 m;
® = =0,0476

21
1-® = 0,9524;

Co—m .
=-1,669; ¢ = 0,094

g

o = 2533m; m=82613m.

The calculated valug, = m + 1,668 = 868,4 m, that practically coincides both wittpexmental
value (867,98 m), and with a calculated value ar@xamation by allocation of Pareto (869,9 m).
Disregarding truncation of a normal distribution skell gain a calculated value:

x, = 828,765 + 1,669-22,87= 866,93 m, i.e. also we lgwod coincidence experimental value.

And, in conclusion, we shall calculate predictedugafor Uggg9999 With allowance for and
disregarding truncation.

Xmp ye = 826,13 + 2,189-25,33= 881,58 m.
Xgp = 828,765 + 2,189-22,87= 878,83 m.

More stringently at determination of computatioaatl predictable values at a small sample size it
IS necessary to use not quantiles of a normaliloigion, and quantile of a Student's distribution.
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Then the predicted value disregarding truncatiateiermined, as:

xmp = 828,765 + 2,4-22,87= 883,6 m that is a littkebieitter, than at approximation by allocation of
Pareto.

However, as approximation by allocation of Pardteg "overestimate”, and approximation by a
normal distribution - "underestimation”, use obakltion of Pareto is more preferable, since ensures
some warranty of the gained results.

5. CONCLUSION

Thus, the assumption about normality of some thigtion laws though is the confidant in the
theoretical plot, however allows to solve simplyegh a variety of practical problems, namely to
create an effective method of a rapid analysis eiahds to safety during improvement of
automatic landing systems of airplanes by resulta statistical modelling of the limited volume
and to yield a final estimation of conformity oege demands to airworthiness standards.

For additional demonstrating the achieved resultshe end of an optimization it was
possible to apply the stringent method regulatednified West-European airworthiness standards
"fits - does not fit", however the necessary sangme for this purpose should three times exceed
the volume recommended in the given research.
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